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We consider spinfoam quantum gravity. We show in a simple case that the amplitude projects
over a nontrivial (curved) classical geometry. This suggests that, at least for spinfoams without
bubbles and for large values of the boundary spins, the amplitude takes the form of a path integral
over Regge metrics, thus enforcing discrete Einstein equations in the classical limit. The result relies
crucially on a new interpretation of the semiclassical limit for the amplitudes truncated to a fixed
2-complex.
PACS numbers: 04.60.Pp, 04.60.Nc
INTRODUCTION
Spinfoams [1–3] are a tentative covariant quantization
of general relativity. They provide transition amplitudes
between quantum states of 3-geometry, in the form of a
Misner-Hawking sum over virtual geometries [4, 5]. In
the so-called ‘new models’ [6, 7], intermediate quantum
states are the ones of canonical loop quantum gravity, the
SU(2) spin-network states. The physical picture emerg-
ing from the spinfoam gravity is that of a discrete, combi-
natorial spacetime structure (a quantum foam of virtual
geometries), where the Plank scale plays the role of a
natural minimal length. Spinfoams are the result of the
quantization of general relativity formulated as a con-
strained BF theory. In the BF theory with gauge group
G, the basic variables are a 2-form B and a connection
1-form ω, both valued in the Lie algebra of G. The equa-
tions of motion of BF theory impose the flatness of the
connection
F (ω) = dω + ω ∧ ω = 0 (1)
where F is the curvature. So this theory has no local de-
grees of freedom. The simplicity constraints on the field
B turn the topological BF theory into vacuum general
relativity, described by the Holst action
S =
∫
∗(e ∧ e) ∧ F (ω) +
1
γ
∫
(e ∧ e) ∧ F (ω) (2)
with gauge group SO(1, 3) (or SO(4) in the Euclidean
signature), where the second term vanishes by using the
equations of motion. The first term is the Einstein-
Hilbert-Palatini action for general relativity in terms of
the cotetrad e and the connection ω, regarded as indepen-
dent variables. The real number γ 6= 0 is called Barbero-
Immirzi parameter. Spinfoam models provide a Feynman
path integral, or state sum, based on a discretization of
(2) over a 2-complex. The spinfoam theory is sufficiently
simple [8] and possesses the correct symmetries [9], and
recently has been successfully coupled to matter fields
[10, 11]. Furthermore, the large distance analysis was
able to extract the correct low-energy physics in some
simple cases [12–15].
A major open problem is to show that the spinfoam
Feynman path integral is able to reproduce Einstein
equations when a semiclassical expansion is performed.
What we would like to have is the spinfoam version of
the following semiclassical expansion of the gravitational
path integral∫
Dgµνe
i
~
SEH(gµν) ∼ e
i
~
SEH(g
0
µν ) (3)
in the classical limit ~ → 0, where SEH is the Eintein-
Hilber action for general relativity and on the right hand
side it is evaluated on the classical solution of the equa-
tions of motion determined by the boundary conditions
specified on the metric field gµν .
In particular, in the spinfoam framework it is not clear
if besides flat geometries (vanishing of the Riemann ten-
sor), also curved geometries are allowed (vanishing of the
Ricci tensor) in the classical limit. It could be that the
local degrees of freedom of general relativity are lost and
the theory is classically equivalent to a topological the-
ory. If this is not the case, it would be a further test of
the consistency of the spinfoam framework.
In order to consider curved spacetimes, we have to go
beyond the single vertex, or single 4-simplex approxima-
tion, where many calculations have been done.
In this paper, we introduce a simple triangulation of
spacetime with three vertices and one internal face (the
hinge, where curvature is concentrated) and show that
the spinfoam boundary amplitude is peaked on geome-
tries with nonzero curvature. We work in natural units
G = ~ = c = 1.
THE SPINFOAM AMPLITUDE
We consider the spinfoam amplitude [6, 7] for a 2-
complex σ with boundary graph Γ = ∂σ. We restrict
for simplicity to the Euclidean signature and to Barbero-
Immirzi parameter 0 < γ < 1, where formulas get sim-
pler. For each face f of σ there is an associated integer
2spin jf ; the boundary, or external, faces cut the bound-
ary over a link l of Γ, with associated spin jl. Faces are
oriented and bounded by a cycle of edges e. Each edge
bounding a face has a source vertex s(e) and a target
vertex t(e), where source/target is relative to the orien-
tation of the face. To each edge associate SU(2) elements
nef (f runs over the faces meeting at the edge e) and two
source/target
Spin(4) ≃ SU(2)× SU(2) ∼ SO(4) (4)
gauge group variables ge,s(e), ge,t(e). The variables nef
can also be interpreted as unit vectors ~nef in R
3, up to
a phase ambiguity, by saying that n is a rotation that
brings a reference direction to the direction of ~n. Ex-
ternal edges puncture the boundary at one node of the
boundary graph and are labeled1 by nnl ∈ SU(2). The
set formed by the boundary graph Γ, spins jl and unit
vectors nnl constitutes the boundary data.
The spinfoam amplitude for the 2-complex in the Bloch
coherent state basis [16] is a functional of the boundary
data defined as
W (jl, nnl) =
∑
{jf}
∫
dgve
∫
dnef
∏
f
Pf . (5)
The sum is over the internal spins jf ∈ N, and the in-
tegrals are over the Spin(4) gauge variables and SU(2)
variables labeling the internal edges. For an internal face,
the face amplitude Pf is given by
Pf = tr ~Πe∈fPef (6)
where ~Π denotes the ordered product (according to the
cycle of edges) and
Pef = ge,s(e)Y [jf , nef 〉〈jf , nef |Y
†g−1
e,t(e). (7)
Here |j, n〉 is the SU(2) Bloch coherent state [17] for an-
gular momentum2 along the direction ~n. The map Y
gives the embedding of the SU(2) irreducible represen-
tation space with spin j into SU(2)× SU(2) representa-
tion space with spins (j+, j−), where j± = 1±γ2 j. In the
canonical basis it is given by the Clebsh-Gordan coeffi-
cient
〈j+j−;m+m−|Y |j;m〉 = C(j+j−j;m+m−m). (8)
Using the factorization properties of SU(2) coherent
states we can write
Pef = P
+
ef ⊗ P
−
ef (9)
1 l runs over the links l surrounding the node n of the graph.
2 We introduced the notation [j, n〉 for the standard antilinear map
ǫ applied to |j, n〉. In the standard basis, it is given by the symbol
jǫmm′ = (−1)
j+mδm,−m′ .
and
P±ef = g
±
e,s(e)[nef 〉
⊗2j±
f 〈nef |
⊗2j±
f (g±
e,t(e))
−1 (10)
where we have split the SO(4) variables g in selfdual and
antiselfdual rotations g+, g− ∈ SU(2). For an external
face, the formula for Pf is the same except that for the
edges ending on the boundary we have only ‘half’ of (7),
namely
Pef = 〈jf , nef |g
−1
e,t(e) (11)
or
Pef = ge,s(e)Y [jf , nef 〉 (12)
depending on the orientation of the edge, relative to the
face. The boundary amplitude (5) can be written in the
form of a path integral for an action
S =
∑
f
Sf =
∑
f
lnPf (13)
as
W (jl, nne) =
∑
{jf}
∫
dgve
∫
dnef e
S . (14)
Notice also that the action can be always split in a bulk
action (relative to internal faces) plus a boundary action
(relative to external faces), so we can write it as
W (jl, nne) =
∑
{jf}
∫
dgve
∫
dnef
∏
l
eiSl
∏
f
eSf (15)
where now the second product is over the sole internal
faces.
THE SCALING LIMIT (~→ 0 REGIME)
The continuum limit of the theory is defined as the
infinite refinement of the 2-complex (possibly undergo-
ing a second order phase transition), where we expect a
large portion of spacetime to be described as the union
of many small elementary regions (quanta) labeled by
spins of order one. Differently, here we define a semi-
classical regime that is suitable to describe gravitational
physics with a truncation of the theory on a finite cellular
structure of spacetime. The amplitude on a finite graph
can be viewed as an effective amplitude associated to a
coarse-graining procedure [18, 19] applied to the com-
plete theory. We make the following hypothesis on the
scaling limit of the spinfoam theory truncated to a fixed
and finite 2-complex: the semiclassical limit is defined in
the limit of uniform rescaling α of both boundary and
bulk spin variables. The rationale behind this approxi-
mation is the following.
3Notice that, restoring the ~ dependence in the theory,
the relation between physical areas and spins is
j ∼ γ
A
~
(16)
so that in the semiclassical limit defined formally as the
limit ~ → 0, all the spins become large. Observe also
that in this limit the the minimal spin fluctuation allowed
in the theory (of order one) becomes large. This is a
consequence of the discreteness of the area spectrum.
The semiclassical limit will affect a quantum amplitude
in the following way. Call ∆ the spin spacing parame-
ter (∆ is one before taking the semiclassical limit), and
consider the boundary amplitude for a generic 2-complex
W∆(jl, nnl) (17)
where we have inserted the explicit dependence on the
spacing parameter. Define the semiclassical limit as the
asymptotic regime
Wα∆(αjl, nnl) α→∞ (18)
where α is a homogeneous rescaling parameter of the
boundary spins and the spin step ∆, or equivalently of
both boundary and bulk spin quantum numbers. The
correctness of this approximation has to be checked
against concrete computations in specific examples, and
possibly be justified and derived from the full amplitude
(defined on the infinite 2-complex) as the result of the
iteration of some kind of renormalization group trans-
formation at the level of the spinfoam ‘lattice’. In this
paper, we test this semiclassical regime for a simple fixed
2-complex.
LARGE SPINS AND GEOMETRY
Here we review very briefly the asymptotic approxi-
mation [20, 21] of the amplitude at fixed and large spins,
using the previous notations. Let us restrict our attention
to a 2-complex which is dual to a simplicial triangulation.
Now every vertex is bounded by five edges and ten faces,
and every edge is bounded by four faces. Vertices are
dual to 4-simplices, and edges are dual to tetrahedra.
Let us write (15) as
W (jl, nne) =
∑
{jf}
W (jl, nne; jf ). (19)
The semiclassical analysis at fixed spins is the study of
W (jl, nne; jf ) when both jl and jf are large. More pre-
cisely, when they are uniformly rescaled with a large pa-
rameter α. We can use an extended stationary phase
method. The action S is complex with real part ReS ≤
0, so the main contribution to the integral comes from
critical points where ReS = 0. It is easy to see that
these are the solutions to
g+ev~nef = −g
+
e′v~ne′f (20)
g−ev~nef = −g
−
e′v~ne′f (21)
where e, e′ are adjacent edges in the face f , sharing the
vertex v. If there are no solutions, the amplitude is expo-
nentially suppressed. Using (20), (21) we have that the
brackets
〈nef |(g
±
ve)
−1g±ve′ [ne′f 〉 = e
iθ
±
vf (22)
reduce to simple phases, on the critical points (on-shell).
Furthermore, we must require that the critical points
are also stationary. Varying S with respect to SO(4)
group variables, and evaluating at a critical point we get
the condition
δgevS|crit. = 0 −→
∑
f∈e
jf~nef = 0 (23)
which expresses the closure relation for the tetrahedron
dual to the edge e. Variation with respect to internal
group elements nef does not give further information,
because it is automatically satisfied.
The existence of critical points is related to the exis-
tence of a triangulation where areas of the triangles are
specified by the set of spins jf , and the unit directions
normal to the triangles, in the 3-dimensional frames of
tetrahedra, are specified by the set of unit vectors nef .
Critical points have the interpretation of a 4-dimensional
Regge manifold, that is a manifold endowed with a con-
tinuous, piecewise flat metric where curvature is distri-
butional and concentrated on triangles. This can be seen
as follows. Define the vectors
~n±vf = g
±
ev~nef . (24)
Then the vectors
~J±vf = j
±
f ~n
±
vf (25)
can be interpreted as the selfdual (+) and antiselfdual
(−) components of the discrete field
Jvf = Bvf +
1
γ
∗Bvf ∈ so(4) (26)
from which we can extract the field Bvf . The field Bvf
codes the spacetime metric degrees of freedom because
Avf =
8πG~
c3
∗Bvf (27)
is the area bivector of the triangle f , in the frame of the
4-simplex v, where we have restored dimensional units.
So Avf is the discretization of e∧ e, where e is the frame
field tetrad.
4In the large spin limit, the action is evaluated at a
critical point: W (jl, nnl; jf ) ∼ exp(S|crit.). The on-shell
bulk action reads
Sf |crit. = iγjfΘf + ijfΘ
∗
f (28)
where we have defined the angles
Θf =
∑
v∈f
(θ+vf − θ
−
vf ), (29)
Θ∗f =
∑
v∈f
(θ+vf + θ
−
vf ). (30)
Remarkably, it turns out that θ+vf − θ
−
vf is essentially the
4-dimensional dihedral angle between the two tetrahedra
in the boundary of the 4-simplex v that share the triangle
dual to f , so that Θf is the deficit angle associated to
the face f . Moreover, we have that Θ∗vf vanishes.
The geometric interpretation of (28) is straightfor-
ward. The parallel transport gef of the area bivector
of a face f from the reference frame attached to the 4-
simplex v = s(e) to the adjacent 4-simplex v′ = t(e) is
defined by3
Av′f = gefAve = gev′g
−1
ev Ave. (31)
This SO(4) rotation (holonomy) splits into selfdual and
antiselfdual rotations. The angle θ∗vf = θ
+
vf + θ
−
vf
parametrizes a rotation in the plane of the triangle
dual to f , while the dihedral angle θvf = θ
+
vf − θ
−
vf
parametrizes a rotation in the plane orthogonal to the
same triangle, in the frame of the 4-simplex v. The first
is a twisting angle: two tetrahedra that share a trian-
gle can be ‘twisted’ one with with respect to the other
by a rotation along the direction normal to the triangle.
The angle Θ∗f (30) measures the total mismatch around a
face, and can be thought as the discrete analog of torsion;
since for large spins this angle is set to zero by the critical
point equations, this means that the on-shell connection
gef is torsion-free, or in other words it is the discrete
4-dimentional spin connection.
So the action (28) is a discretization of the Holst action
for gravity, when the on-shell connection is substituted.
Indeed, recalling that the area spectrum of loop quantum
gravity gives (for large spins) Af = γjf , we have
Sbulk|crit. = i
∑
f
AfΘf +
1
γ
i
∑
f
AfΘ
∗
f . (32)
The first term is the Regge form [22] of the action for
discrete general relativity and the second term vanishes
because the torsion angle is zero, in agreement with the
fact that the second term vanishes on-shell also in the
continuum theory.
3 Here g ∈ SO(4) acts on the area bivector A ∈ so(4) in the adjoint
representation.
FIG. 1. Spinfoam diagram σ3 dual to the simplicial trian-
gulation obtained by glueing three 4-simplices on a common
triangle. Two 4-simplices share a tetrahedron. The spinfoam
face f dual to the triangle is ‘colored’ with the internal spin
jf .
FIG. 2. Two-dimensional analog of σ3. Curvature is con-
centrated at the vertex v and is coded in the deficit angle
Θ = 2pi − θ1 − θ2 − θ2.
MANY 4-SIMPLICES: A SIMPLE EXAMPLE
In this section we discuss the amplitude associated to
a simple, but nontrivial triangulation in four dimensions.
The main difference with respect to the analysis at fixed
spins is that now we focus on the complete boundary am-
plitude W (jl, nnl), which contains the summation over
internal spins. It will be also a fertile ground to test the
viability of the scaling limit. We consider a simplicial
2-complex σ3 with a single internal face (see Fig.1), and
the minimal number of internal edges, which is three.
The complex σ3 has three vertices. This corresponds
to the most simple nontrivial triangulation of spacetime,
obtained by glueing three 4-simplices pairwise through
tetrahedra, so that they all share one triangle. This sim-
ple geometry is the 4-dimensional generalization of a 2-
dimensional spacetime region (Fig.2) triangulated with
three triangles glued pairwise along one side, and curva-
ture is concentrated at the common point. This simple
4-dimensional geometry allows us to test the dynamics
of spinfoam models. Do curved spacetimes contribute to
the boundary amplitude? In order to see this, let us de-
scribe in more detail the construction. The topology of
the region is the one of a 4-ball and its boundary is a tri-
angulation of the 3-sphere with nine tetrahedra (dual to
the nodes of the graph). The boundary graph is drawn
in Fig.3.
The boundary data are the set of 18 external spins jl,
one per each link in the boundary graph, and 4× 9 unit
5FIG. 3. Boundary graph of σ3. It can be obtained by intersec-
tion of the 2-complex σ3 with a topological 3-sphere, depicted
as a dashed circle (see Fig.1).
vectors nnl, four per each of the nine nodes n. These data
are chosen to be the boundary data of a Regge triangula-
tion obtained by glueing three nondegenerate 4-simplices
as described by the combinatorics of the spinfoam dia-
gram of Fig.1. Classically, the 3-dimensional boundary
geometry chosen determines uniquely the internal geom-
etry. Curvature is concentrated at the internal triangle
f (the hinge) and is coded in the deficit angle Θf .
There is a na¨ıve but worrying argument against the
spinfoam state sum (15): given that the action (13) de-
pends linearly on the spins, the terms proportional to
the internal spins jf give rapidly oscillating phases which
suppress the sum over jf , unless their coefficients, which
as we have seen have the interpretation of deficit angles
Θf , are zero. We can also say that the variation of the
action with respect to the spin jf produces the equa-
tion Θf = 0. In other words, the spinfoam amplitude
W (jl, nnl) seems to implement flatness in the bulk of the
triangulation, as opposed to Ricci flatness, which is the
correct Einstein equation in vacuum. As a remark, it
has been shown in [23] that the Barret-Crane spinfoam
amplitude [24] imposes flatness of the connection when
semiclassical boundary wave-packets are considered. The
main object of this paper is to see if this this problem
persists in the ‘new models’.
However, there is one subtlety in the previous argu-
ment about the suppression of curved geometries:
• it demands stationarity of the action with respect
to spin variables (see also [25]). But spins can take
only discrete, integer values and we are not allowed
to take derivatives with respect to them, unless we
can show that this can be done in the limit we are
considering.
We will show in a concrete example that this difficulty
is only apparent, precisely because in the scaling limit
the sum overs spins does not converge to a continuous
integral, and therefore the equations of motion cannot
be obtained by varying with respect to spins.
So let us study the boundary amplitude of σ3 for large
boundary spins jl, and estimate the effective contribution
of each term in the sum over internal spins in detail.
For the simple case under consideration, the boundary
amplitude (15) has a single sum:
W∆(jl, nnl) =
∑
jf∈N
∫
dgev
∫
dnef e
Sf
∏
l
eSl . (33)
As before, we have split the action in bulk and boundary
actions. We are interested in the semiclassical regime of
the previous amplitude. We can apply the scaling limit
(18) defined previously. The amplitude (33) in the large
scale regime reads
Wα∆(αjl, nnl) =
∑
jf∈αN
W (αjl, nnl; jf ) =
=
∑
jf∈N
W (αjl, nnl;αjf ). (34)
Following the asymptotic analysis at fixed spins [20, 21],
we conclude that the term Wα∆(αjl, nnl;αjf ) is sup-
pressed for α → ∞ unless jf takes a specific value
jf = j
0
f , because this is the only spin that can be as-
sociated to a Regge triangulation. Indeed consider one
of the 4-simplices of the triangulation, or one of the spin-
foam vertices. The boundary data (set of jl’s and nnl’s)
fix nine areas of the 4-simplex, dual to the nine external
faces bounding the vertex, and three sets of unit vectors
associated to the three external edges. These data deter-
mine uniquely the the geometry of the 4-simplex (all of
its ten lengths), and in particular the remaining internal
area jf , because we are overdetermining the geometry
by fixing more than ten independent parameters. We
can repeat the same argument for the other two vertices.
This shows that there is a unique internal spin compat-
ible with the boundary geometry. So when all spins are
large, the contribution of the terms in (34) with jf 6= j
0
f
is negligible.
Thus we find that for large spins,
W (jl, nnl; jf ) ∼
{
eiSR jf = j
0
f
suppressed jf 6= j
0
f
(35)
with SR the Regge action, sum of a bulk action plus a
boundary term:
SR = AfΘf +
∑
l
AlΘl. (36)
Here Al = γjl, Af = γj
0
f and Θf is the deficit angle
at the internal face f . The boundary term contains the
4-dimensional dihedral angle Θl associated to the links,
namely the angle between the 4-dimensional normals of
the two tetrahedra attached by the triangle dual to the
link l.
Now, a key observation is that the sum in (34) runs
effectively over a finite set, due to the Clebsh-Gordan, or
triangular inequalities associated to the internal edges.
Indeed we have easily that the number of nonvanishing
6terms in the sum is bounded by 3αjmax, where jmax is
the largest among the boundary spins jl. This number
grows linearly with α. As a consequence, we can neglect
a finite number of exponentially suppressed terms, and
keep only the term with jf = j
0
f . So we have
Wα∆(αjl, nnl) =Wα∆(αjl, nnl;αj
0
f ) +R(α) (37)
and the reminder is
|R(α)| ≤ αe−α. (38)
Notice that the expansion (37), as we anticipated before,
cannot be obtained from a stationary phase approxima-
tion of the sum over spins, because the summand does not
approximate a continuous function in the large α limit. 4
In the large spin limit, obtained as the usual asymptotic
expansion in ~ → 0, the spinfoam amplitude (33) then
reduces to
W (jl, nnl) ∼ e
iSR (39)
and can be interpreted as the exponential of the Hamilton
function for general relativity, namely the action evalu-
ated on a solution of the equations of motion, viewed as
a function of the boundary data. The nontrivial result
we have found is that for a generic configuration of the
boundary spins and boundary unit vectors (the boundary
geometry) the path integral selects a spacetime triangu-
lation with curvature, thus showing that the spinfoam
model does not impose flatness in the semiclassical limit,
and possesses the correct local degrees of freedom.
CONCLUSIONS AND OUTLOOK
The simple example we presented here can be gener-
alized to larger 2-complexes [26] and suggests that the
spinfoam amplitude in the large scale limit takes the form
of a sum
W (jl, nnl) ∼
∑
{j′
f
}
eiSR (40)
where the prime in j′f denotes a restriction on the sum
to the spin configurations which arise as the areas of a
Regge triangulation, and SR is the Regge action for those
triangulations (it is well-known that a generic spin config-
uration does not correspond to any Regge triangulation
[27–29]).
4 Indeed the term W (αjf , nnl;αj
0
f
+ α) with the internal
spin closest to αj0
f
does not approach the dominant term
W (αjf , nnl;αj
0
f
). Actually, it decays exponentially.
This is exactly what happens in the simple example
studied in this paper: the internal spins jf which do
not correspond to a Regge triangulation do not give con-
tribution to the amplitude, and the effective amplitude
takes the correct form (40). The form (40) implies that
in the semiclassical approximation the equations of mo-
tion are equivalent to those ones of Regge gravity [22], a
discretization of Einstein equations. However, we must
stress that our argument is more qualitative than quan-
titative, the main purpose being the identification of a
possible mechanism for the emergence of classical gen-
eral relativity from spinfoam quantum gravity, and we
have disregarded other possible contributions to the am-
plitude (symmetry related spacetimes, vector geometries,
etc.). For example we expect another term which cor-
responds to a spacetime with opposite orientation that
would change the amplitude of σ3 in
W (jl, nnl) ∼ cos(SR) (41)
as in the asymptotic formula for the amplitude of a single
vertex [21, 30–32]. Finally, the amplitude of the three-
vertex spinfoam σ3 we have studied is well-defined (fi-
nite), but larger 2-complexes would give potentially di-
vergent amplitudes in the ‘infrared’. Divergencies are
associated to bubbles in the foam and a suitable regular-
ization and renormalization scheme [33–36] is required in
order to recover a meaningful physics.
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